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A method ts shown of cons t ruc t ing  exact  ana ly t ica l  solut ions  to  s t e a d y - s t a t e  p r o b l e m s  in the 
theory  of heat  conduction where  the t h e r m a l  conductivity is  a s pe c i a l  kind of function of the 
space  coord ina t e s .  

t ion 

We cons ide r  the equation 

div (~ grad T) = f. (1) 

In p lace  of T(x, y,  z} we will  in t roduce  a new unknown function u(x, y,  z) based  on the t r a n s f o r m a -  

u = t ~ - ( T -  To), T O = const. 

For  this  function we have the equation 

(2) 

Au - -  Mu = f (3) 
V f '  

whose coeff ic ient  M(x, y, z) is  de t e rmined  f rom a given function X(x, y, z) accord ing  to the equation 

A r"-~-  M V ~ -  o. ~4) 

We propose  to se l ec t  function M(x, y,  z) so as to conver t  Eq. (3) into any well  known equation of 

ma thema t i ca l  phys ics .  
b i t r a r y  h e r e ,  but they mus t  belong to a ce r t a in  c l a s s  def ined by Eq. (41. 

We wilt cons ide r  only t he  s i m p l e s t  c a se s :  M - 0 and M - e (c = const) .  

Functions Mx,  y, z) which c h a r a c t e r i z e  the inhomogenei ty  of bodies cannot be a r -  

1. M ~ 0. For  this  case  we have equations 

Au . . . .  f (5) 

A r ~-= 0. (6) 

If  4 k(x,  y,  z) is  a ha rmon ic  function, t he re fo re ,  then the  s t e a d y - s t a t e  p rob l ems  in the theory  of heat  
conduction reduce  to boundary-va lue  p rob l ems  for  e i the r  the  Po i s s on  equation or ,  when f = 0, the Lap lace  

equation. 

Example .  To de t e rmine  the s t e a d y - s t a t e  t e m p e r a t u r e  d i s t r ibu t ion  in an inf in i te ly  long beam whose 
r ec t angu la r  c r o s s  sec t ion  i s  defined by segmen t s  of the four s t r a igh t  l ines  x = 0, x = a,  y = 0, y = b under  
the following condit ions:  t h r e e  s ides  of the beam a r e  at t e m p e r a t u r e  T 0, while a given t e m p e r a t u r e  d i s -  
t r ibu t ion  T(x, b) = F(x) is  main ta ined  on the fourth s ide ,  and t h e r e  a r e  no heat  s o u r c e s  (f = 0); X i s  a func- 
t ion of coord ina tes  x, y on a beam c r o s s  sec t ion  and ~ i s  a ha rmon ic  function. 

It is  easy  to de t e rmine  function u(x, y) by the F o u r i e r  method.  Then, accord ing  to (2), we obtain a 
solut ion to the p rob lem in the form 
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where  

1 
T (x, y) = T o -]- t/. ~ (x, y) 

_ _ ~  B. sin nnx sh nng 
G a 

n = l  

(7) 

a 

Bn - 2 ash(n~b/a) V~-~(~, b ) [ F ( ~ ) - - T 0 ] s i n  nn~a d~. (8) 
0 

2. M -~ c, c = const .  Equations (3) and (4) yield 

An ~ cu --  [ (9) y 

a VZ-oV~= O. (10) 

If function k(x, y, z) sa t i s f i e s  Eq. (10), then the s t e a d y - s t a t e  p rob l ems  in the theory  of heat  conduc- 
tion reduce  to boundary-va lue  p rob l ems  for  Eq. (9). Useful analyt ical  solutions to boundary-va lue  p rob-  
l ems  for  Eq. (9) can in a few cases  be obtained by conventional methods .  

Example .  To de t e rmine  the s t eady - s t a t e  t e m p e r a t u r e  dis t r ibut ion in an infinitely long beam whose 
r ec t angu la r  c r o s s  sect ion is defined by segments  of the four s t ra igh t  lines x = 0, x = a,  y = 0, y = b under  
the following conditions: all s ides a r e  at the s a m e  t e m p e r a t u r e  T o and f(x, y), h(x, y) a r e  known functions 
of the space  coordinates  in a beam c ros s  sect ion,  where  function h (x, y) sa t i s f ies  Eq. (10). 

The solution to the cor responding  Dir ichle t  p rob lem for Eq. (9) is  obtained in the fo rm of a binary 
t r i gonomet r i c  s e r i e s  [1]. A f t e r  s imple  t r ans fo rma t ions  and applicat ion of fo rmula  (2), this  solution yields 

a b 

T(x ,  y ) = T o +  1 ~ j '  f(~, ~1) G(x, y; ~, B)d~d~l, (11) 
~,, z (x, y) v' k(~, ~) 

0 0 

where 

4% 
G(x, y; ~, B)=  a-b- 

m,  t t ~ l  

sin (m~x/a) sin (nny/b) sin (mn~/a) sin (naB/b) 

(mn/a) ~ -1- (nn/b) s @ c 

is a Green function. 

(12) 

x, y, z 
T(x, y, z) 
~(x, y, z) 
f(x, y, z) 

NOTATION 

a r e  the r ec tangu la r  Car tes ian  coordinates ;  
is  the t e m p e r a t u r e ;  
is the t h e r m a l  conductivity; 
is the intensi ty  of heat  sources ;  
is  the Lap lace  ope ra to r .  

i. 
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